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Abstract 

In this paper, we define a rectifying spacelike curve in the Minkowski 
space-time Ef as a curve whose position vector always lies in orthogonal com- 
plement A^-*- of its principal normal vector field N. In particular, we study 
the rectifying spacelike curves in Ef and characterize such curves in terms of 
their curvature functions. 
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1 Introduction 



In the Euclidean space E^, rectifying curves are introduced by Chen in [2] as space 
curves whose position vector always lies in its rectifying plane, spanned by the 
tangent and the binormal vector fields T and B of the curve. Therefore, the position 
vector a of a rectifying curve satisfies the equation 

a{s) = X{s)f{s)+i2{s)B{s), 

for some differentiable functions A and fi in arclength function s. The Euclidean 
rectifying curves are studied in [21 [3]. In particular, it is shown in [3] that there exists 
a simple relationship between the rectifying curves and the centrodes, which play 
some important roles in mechanics, kinematics as well as in differential geometry in 
defining the curves of constant precession. The rectifying curves are also studied in 
[3] as the extremal curves. In the Minkowski 3-space Ef, the rectifying curves are 
investigated in [5] . The rectifying curves are also studied in [6j as the centrodes and 
extremal curves. In the Euclidean 4-space E^, the rectifying curves are investigated 
in gj. 

In analogue with the rectifying curve the curve whose position vector always lies 
in its normal plane spanned by the principal normal and the binormal vector fields 
and B of the curve is called normal curve in Euclidean 3-space E^ and it is 
well known that normal curves are spherical curves in £'^[2]. Similar definition 
and characterizations of spacelike, timelike (and also null) and dual timelike normal 
curves are given in references [7], [8] and [10], respectively. The spacelike normal 
curve in the Minkowski 4-space Ef can be defined as a curve whose position vector 
always lies in the orthogonal complement of its tangent vector field T which is 
given by 

f^ = {W e E{ I giyV.f) = 0}. 

In [1] , Camci and others have shown that a spacelike curve is a hyperbolic spherical 
curve iff the following equation holds 

a-m = -(lAi)iV - {l/h){l/hyB, + {l/h)[h/k, + ((l/A;2)(lAi)')l52, 

where m is constant, /ci, k2 and are the first, the second and the third curvatures 
of the curve a, respectively. By using the definition of spacelike normal curves in 
Minkowski 4-space E\ and the last equality, we can say that spacelike normal curves 
are hyperbolic spherical curves in Minkowski 4-space Ef. 
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In this paper, in analogy with the Minkowski 3-dimensional case, we define the 
rectifying curve in the Minkowski 4-space Ef as a curve whose position vector al- 
ways lies in the orthogonal complement A^-*" of its principal normal vector field A^. 
Consequently, N-^ is given by 

^ {W e E^ \ g{W, N) = 0}, 

where g{., ■) denotes the standard pseudo scalar product in Ef. Hence N-^ is a 
3-dimensional subspace of Ef, spanned by the tangent, the first binormal and the 
second binormal vector fields T, Bi and B2 respectively. Therefore, the position vec- 
tor with respect to some chosen origin, of a rectifying spacelike curve a in Minkowski 
space-time Ef, satisfies the equation 

a{s) = X{s)f{s) + pi{s)B,{s) + u{s)B2, (1) 

for some differentiable functions A(s), //(s) and in arclength function s. Next, 
characterize rectifying spacelike curves in terms of their curvature functions Ki{s), 
K2{s) and ^3(5) and give the necessary and the sufficient conditions for arbitrary 
curve in Ef to be a rectifying. Moreover, we obtain an explicit equation of a rec- 
tifying spacelike curve in Ef and give the relation between rectifying and normal 
spacelike curves in Ef. 

2 Preliminaries 

In this section, we prepare basic notations on Minkowski space-time Ef. Let a : I C 
Efhe arbitrary curve in the Minkowski space-time Ef. Recall that the curve a 
is said to be unit speed(or parameterized by arclength function s) if g{a', a') — ±1, 
where g{., .) denotes the standard pseudo scalar product in Ef given by 

g(v, w) = -ViWi + V2W2 + V3WS + V4W4, 

for each v = (^1,^2,^3,^4) € Ef and w = {wi, W2, W3, W4) G Ef. An arbitrary vector 

V & Ef can have one of three Lorentzian causal characters; it can be spacelike if 
g{v,v) > or {7 = 0, timelike if g{v,v) < and null (lightlike) if g{v,v) = and 

V ^ 0. Similarly, an arbitrary curve a = a{s) can locally be spacelike, timelike or 
null (lightlike), if all of its velocity vectors a'{s) are respectively spacelike, timelike 
or null (lightlike). Also recall that the pseudo- norm of an arbitrary vector v E Ef 
is given by || v \\= a/| g{v, v) \. Therefore is a unit vector \i g(y,v) — ±1. The 
velocity of the curve a{s) is given by || a!{s) ||. Next, vectors v,w in Ef are said to 
be orthogonal if g{v, w) — 0. 
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Denote by {T(s), N{s), Bi{s), -82(5)} the moving Frenet frame along the curve a(s) 
in the space Ef, where T(s), N{s), -Bi(s) and B2{s) are the tangent, principal 
normal, the first binormal and second binormal fields, respectively. For an arbitrary 
spacelike curve d{s) with spacelike principal normal in the space Ef, the following 
Frenet formula are given in [HI HH HI El [121 [H] : 

- f, 
N' 

where 

g{B,,B,) = -g{B2,B2)=e = ±l, g{f,f)=g{N,N) = l. (3) 

Recall the functions ni{s), k,2{s) and k,s{s) are called respectively, the first, the 
second and the third curvatures of timelike curve d{s). Here, e determines the kind 
of spacelike curve a{s). If e = 1, then a{s) is a spacelike curve with spacelike first 
binormal Bi and timelike second binormal B2. If e = — 1, then a{s) is a spacelike 
curve with timelike first binormal Bi and spacelike second binormal B2. If ^3(5) 7^ 
for each s E I G R, the curve a lies fully in Ef. Recall that the hyperbolic unit 
sphere Hq{1) in Ef, centered at the origin, is the hypersurface defined by 

H^{l) = {XeEf\giX,X) = -l}. 
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3 Some characterizations of rectifying curves in 

Ef 

In this section, we firstly characterize the rectifying spacelike curves in Minkowski 
space-time in terms of their curvatures. Let a = a(s) be a unit speed rectifying 
spacelike curve in Ef, with non-zero curvatures ki{s), K2{s) and ^3(5). By definition, 
the position vector of the curve a satisfies the equation ([T]), for some differentiable 
functions A(s), and z/(s). Differentiating the equation ([1]) with respect to s and 
using the Frenet equations ([2]), we obtain 

f=X'f+ (Aki - efiK2)N + (/i' + iyK3)Bi + {u + ijk3)B2. 

It follows that 

A' = l, 

Xki - 5/iK2 = 0, 

/i' + I/K3 = 0, ^ ' 

U' + fiKs = 0, 
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and therefore 



A = s + c, 

Ki(s)(s + c) 
fX = € - 



1^2 



v = —e 



Ki{s)k2{s) + (s + C){k[{s)k2{s) - Ki{s)k2{s)) 



(5) 



where c & R. In this way the functions A(s), /i(s) and z/(s) are expressed in terms of 
the curvature functions ki(s), K2{s) and ^3(5) of the curve a{s). Moreover, by using 
the last equation in (jl]) and relation ([5]) we easily find that the curvatures ki(s), 
K2{s) and K3(s)satisfy the equation 



Ki{s)ks{s){s + C) rKl(s)/t2(s) + (S + C){k[{s)k2{s) - /ti(s)K2(s)) 



The condition ([6]) can be written as: 

Kl(s)(s + C) 1 C/ 



K|(s)/t3(s) 



(i + c) 



^2(5) «^3(s) (is Lk3(s) (is V K2[S 

If we change the variable s by the variable t as the following 

d Id 



0. 



0, c G i?. 

(6) 

(7) 



dt K,s{s) ds 
the equation ([7]) takes the following form 



or t 



K^{s)ds, 



Ki(s)(s + c) d"^ I K,i{s){s + c) 



K2{s) dt"^ I K2{s) 

General solution of this equation is 
Ki(s)(s + c) 



elAcosh K-i{s)ds + B sinh. K^{s)ds 



where A and B are arbitrary constants. Then from ([5]) we have 
A(s) = s + c 

/i(s) = A cosh K3{s)ds + B sinh JJ* K3(s)(is 
z/(s) = — ^Asinh /t3 (s)(is + i? cosh K3{s)ds 



(9) 



(10) 
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Conversely, assume that the curvatures K2(s) and ^3(3), of an arbitrary unit 

speed spacehke curve in Ef, satisfy the equation ([9]). Let us consider the vector 
X E Ef given by 

X{s) = d{s) — (s + c)T(s) — ^Acosh Ks{s)ds + B sinh. K3{s)ds^Bi{s) 
+ ^^sinh K3{s)ds + B cosh K3{s)ds^B2{s). 

By using the relation ([2]) and (Q, we easily find X'{s) = 0, which means that X is 
a constant vector. This implies that a{s) is congruent to a rectifying curve. In this 
way, the following theorem is proved. 

Theorem 3.1. Let a{s) be unit speed spacelike curve in Ef, with non-zero curvatures 
Ki{s), K2{s) and ks{s). Then d{s) is congruent to a rectifying spacelike curve if and 
only if 

Ki{s){s + c) 



e(^Acosh. J K3{s)ds + B smb. J K3{s)ds 



In particular, assume that all curvature functions ^2(3) and ^3(5) of rectifying 

spacelike curve a in Ef, are constant and different from zero. Then equation 
easily implies a contradiction. Hence we obtain the following theorem. 

Theorem 3.2. There are no rectifying spacelike curves lying in Ef, with non-zero 
constant curvatures Hi{s), K2{s) and k,3{s). 

In the next theorem, we give the necessary and the sufficient conditions for the 
spacelike curve a{s) in Ef to be a rectifying curve. 

Theorem 3.3. Let a{s) be unit speed rectifying spacelike curve in Ef, with non-zero 
curvatures k,i{s), k,2{s) and ^3(5). Then the following statements hold: 

(i) The distance function p{s) =|| a{s) \\ satisfies p^{s) = + cis + 02, ci E R and 
02 e R. 

(ii) The tangential component of the position vector of the rectifying spacelike curve 
is given by g{d{s),T{s)) = s + c, c E R. 

(Hi) The normal component {s) of the position vector of the rectifying spacelike 
curve has constant length and the distance function p{s)is non-constant. 

(iv) The first binormal component and the second binormal component of the posi- 
tion vector of the rectifying spacelike curve are respectively given by 



g{d{s), Bi{s)) = £:(y4cosh K3{s)ds + B sinh. K3{s)ds 
g{d{s), 82(3)) = eyAsmh K3{s)ds — B cosh K3{s)ds 



(12) 



Conversely, if a{s) is a unit speed curve in Ef with non-zero curvatures Ki(s), ^2(5) 
and ^3(3) and one of the statements (i), (ii), (Hi) or (iv) holds, then d{s) is a 
rectifying spacelike curve. 

Proof. Let us first suppose that d{s) is a unit speed rectifying spacehke curve 
in Ef with non-zero curvatures K2(s) and k,3{s). The position vector of the 

curve d{s) satisfies the equation ([1]), where the functions A(s), /i(s) and z/(s) satisfy 
relation (fTOj) . From relation and (fTOl) we have 

g{d,d) = + — z/^(s) j , 

= {s + cf + e{A^-B^). 

Therefore, p^(s) = + cis + C2, ci E R and C2 G -R, which proves statement (i). 

But using the relations ([1]) and ([5]) we easily get g{d{s),T{s)) = s + a, c E R, so the 
statement (ii) is proved. 

Note that the position vector of an arbitrary curve d{s) in Ef can be decomposed as 
d{s) = m{s)T{s) where m{s) is arbitrary differentiable function and 

is the normal component of the position vector. If d{s) is a rectifying spacelike curve, 
relation ([1]) implies d^{s) = /i(s)-Bi(s) + i/(s)i?2(s) and therefore g{d^{s),d^{s)) = 
e^/i^(s) - z^^(s)j. Moreover, by using ([TO]), we find || cJ^(s) ||= e^A^ - B^) = a, 
a E R. By statement (i), p{s) is non-constant function, which proves statement (iii). 

Finally, using ([T]), ([3]) and ( ITOl) we easily obtain ( fT2|) . which proves statement (iv). 

Conversely, assume that statement (i) holds. Then g{d{s),d{s)) = + cis + C2, 
Ci G -R, C2 e -R. By differentiating the previous equation two times with respect to 
s and using ([2]), we obtain g{d{s), N{s)) = 0, which implies that a is a rectifying 
spacelike curve. 

If statement (ii) holds, in a similar way it follows that a is a rectifying spacelike 
curve. 

If statement (iii) holds, let us put d{s) = m{s)T{s) + d^{s), where m(s) is arbitrary 
differentiable function. Then 

gid'^is), d^{s)) = g{d{s), d{s)) - 2g{d{s), f{s))m{s) + m^(s). 

Since g{d{s),T{s)) = m(s), it follows that 

5((a^(s), d^{s)) = g{d{s), d{s)) - g{d{s),f{s))'^, 
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where g{d{s),d{s)) = p^{s) ^ constant. DefFerentiating the previous equation with 
respect to s and using ([2]), we find 

t^i{s)g{d{s),f{s))g{d{s),N{s)) = Q. 

It follows that g{d{s), N{s)) = and hence the spacelike curve a is a rectifying. 
If the statement (iv) holds, by taking the derivative of the equation 

g{d{s), B I (s)) = e(^A cosh J ^3(5)^5 + -B sinh J K3{s)ds^, 

with respect to s and using ([2]), we obtain 

—eK2{s)g{d{s), N{s))+K^g{d{s), B2{s)) = eK^(^Asmh J K^(s)ds+B cosh J K^(s)ds^. 

By using f|T2|) . the last equation becomes g{d{s), N{s)) = 0, which means that d is 
a rectifying spacelike curve. This proves the theorem. 

In the next theorem, we find the parametric equation of a rectifying curve. 

Theorem 3.4. Let a : I G R —>■ Ef be a spacelike curve in Ef given by d{t) = 
p{t)y{t), where pit) is arbitrary positive function and y{t) is a unit speed curve in 
the hyperbolic unit sphere Hq{1). Then d is a rectifying spacelike curve if and only 
if 

Pi^) = • u , ^ \ ^ " ^ ^0' ^0 ^ ^- (13) 
sm(t + to) 

Proof. Let a be a curve in Ef given by 

d{t) = p{t)y{t) 

where p{t) is arbitrary positive function and y{t) is a unit speed curve in the hy- 
perbolic unit sphere Hq{1). By taking the derivative of the previous equation with 
respect to t, we get 

d'{t) = p'{t)yit) + Pit)y'it). 
Hence the unit tangent vector of d is given by 
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where v(t) =\\ a'{t) || is the speed of a. Differentiating the equation ([H]) with 
respect to t, we find 

f = (^)y+ - ^-^^l±^)y' + (^)r. (15) 

Let Y be the unit vector field in Ef satisfying the equations g{Y,y) = g{Y,y') = 
g{Y,y X y') = 0. Then {y,y',y x y',Y} is orthogonal frame of Ef. Therefore 
decomposition of y" with respect the frame {y, y', y x y', Y} reads 

y" = 9{y", y)y + gif, y') y' + 9{y", yxy')yxy' + g{y". y) y. (16) 

Since g{y, y) = -1 and g{y', y') = 1, it follows that g{y", y) = -1 and g{y", y') = 0, 
so the equation (ITBl) becomes 

y" = -y + giy", y^y')y^y' + g{y'\ Y) Y. (17) 

Substituting (ITB]) into (ITS]) and applying Frenet formulas for arbitrary speed curves 
in E\^ we find 



V ) V 



KivN = 

+^^"jg{r,¥)Y 



V / V (It 



Since g{y,y) = —1, we have g{y,y') = and thus g{d,y') = 0. We also have 
g{d,Y) = 0. By definition, a is a rectifying spacelike curve in Ef if and only if 
g{d,N) = 0. Therefore, after taking the scalar product of (ITSl) with a, we have 
g{d, N) = if and only if 

= (19) 



whose general solutions are given by (1131) . This proves the theorem. 



In Theorem 3.4, since y{s) is a unit speed spacelike curve in the hyperbolic unit 
sphere Hq{1), y{s) is a spacelike normal curve in Minkowski 4-space Ef. So, The- 
orem 3.4 give the relation between spacelike rectifying and spacelike normal curves 
in Minkowski 4-space Ef. Then we can give the following corollary. 



Corollary 3.5. In Minkowski 4-space Ef, the construction of the rectifying curves 
can be made by using the spacelike normal curves. 
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Example: Let us consider the curve d(s) = — -, r ( cosh(s), 0, sinh(s), ), 

sm(s + So) V / 

a G -Ro) So G -R in Ef. This curve has a form a(s) = p{s)y, where p{s) = - 

sin(s + So) 

and y{s) = ^ cosh(s), 0, sinh(s), . Since g{y{s),y{s)) = —1 and || y'{s) \\= 1, y(s) 

is a unit speed spacehke curve in the hyperbohc unit sphere Hq{1). According to 
theorem 13.41 c5 is a rectifying spacehke curve lying fully in Ef. 
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